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Abstract 

This papεr formulates a problem of embedded real-time 
system re-engineering and presents a systematic solution 
Embedded real-time system re-εngineering is defined as an 
understanding and alteration of a legacy system to guaran
tee newly imposed performance requirements. The perfor
mance requirements may include a real-time throughput and 
an input-to-output latency. The proposed approach is based 
on a bottleneck analysis and a nonlinear optimization. The 
inputs to the approach include a system design specified 
with a process nεtwork accompaniεd by task graphs and 
task schedules, and a new real-time throughput requirement 
specified as a system ’s period constraint. The output is a set 
of scaling factors that represent the ratios of performancε 
upgrades for processing elements 

The solution approach works in two steps. First, it iden
t1fies bottleneck processes by estimating process latencies 
and by analyzing resource sharing among processes. It then 
derives a sεt of linear constraints from thε new throughput 
requirement for bottleneck processes. Second, it formu
!ates an integer nonlinear optimization problem and solves 
it for scaling factors with an o비ective of minimizing the 
hardware upgrade cost. Resultant scaling factors are used 
for cost-effective upgrades of processing elements. To effi
ciently find feasible solutions, we propose the k-level diag
onal search algorithm which runs in a p이ynomial time with 
respect to the number of processing elements. Simulation 
results als。 confirm this assertion 

1 Introduction 

There is a growing demand for techniques and tools that 
can assist in designing, analyzing, and debugging embedded 
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real-time applications. In the literature, various techniques 
based on real-time scheduling theory and formal methods 
have been proposed [12, 13, 19] and many of them are im
plemented into software tools [2, 7]. Also, a number of 
commercial CASE tools have been developed and widely 
used [3, 17]. While most of these techniques and tools put 
an emphasis on the development aspect of embedded real
time systems, in practice, a great deal of effort is put into 
re-engineering of legacy systems. In industry, a significant 
number of new products are rεleased merely as enhanced 
versions of old designs in their product series. For exam
ple, at SindoRico, a leading manufacturer in the Korean 
office automation industry, a copier code-named NT 4040 
is merely an upgraded product of NT 4020. The most no
ticeable differεnce of NT 4040 from its predecessor is its 
improved throughput. NT 4040 is capable of copying doc
uments at 30 cpm (copies per minute), whereas NT 4020 
works only at 25 cpm 

During a product re-engineering cycle, developers are 
often faced with difficult tasks of cost-benefit analysis and 
detailed hardware/software modification. Even though ex
isting technologies provide sophisticated design processes 
from an abstract behavioral level to a physical implementa
tion level, real-time system re-engineering requires a design 
effort equivalent to the redesign of the entire system. Due to 
this difficulty, developers often rely on simple hardware up
grades, replacing all the hardware components at a time with 
new components. For example, the developers at SindoRico 
could havε implεmεnted NT 4040 by uniformly enhancing 
the performance of all parts, including both microcontrollers 
and mechanical components, in NT 4020 by 20%. However, 
it is fairly obvious that such a naive approach will fail in prac
tice due to the excessive cost for re-engineering. Thus, it 
is inevitable for the engineers to pinpoint performance bot
tlenecks in the old design and carefully choose only those 
parts that can lead to 20% performance improvement at the 
least cost. 

Such a task of re-engineering will get even more difficult 
1f the original developers have been relocated to another 
project, or if the original systems were developed in a very 
ad hoc manner. Worse yet, there are very few tools to 



aid in performing such a reverse engineering, even though 
engineers are under tight deadline constraints for reduced 
time-to-markεt. 

Re-engineering of an embedded rεal-time systεm pos
sesses very distinct and inherent characteristics since (1) 

the re-engineering involves analyzing a heterogeneous dis
tributed multiprocessor hardware platform, as an embed
ded real-time system often consists of multiple micro
controllers, ASIC (application specific integrated circuits) 
chips, and electro-mechanical components [19]; (2) soft
ware and firmware code of the underlying system has 
been developed and well-tested; and (3) task allocation and 
scheduling have been already completed. With thεsε char
acteristics in mind, we propose a systematiζ approach to the 
re-engineering of embedded real-time systems 

In this paper, we present a novel methodology that al
lows for rapid and cost-effectivε rε-engineering. To support 
rapid re-engineering, our approach chooses to upgrade only 
bottleneck processing elements while leaving the architec
ture and implementation intact. This helps significantly 
reduce effort for detailed re-implementation. To minimizε 
the upgrade cost, we elaborate on determining the perfor
mance increasement for εach bottleneck processing element 
For rigorous cost-benefit optimization, we formulate the re
engineering problem as an integer nonlinear programming 
problem with a simple cost model where the cost increases as 
the performance does. We then present an effective heuristic 
algorithm that we name the k-level diagonal search algo
rithm. It can find feasible solutions in a polynomial time. 

The overall re-engineering approach consists of two sub
components. The first component accepts as its input a sys
tem design specified with a process network accompanied 
by task graphs and task schedules and an improved through
put requirement. It then identifies bottleneck processes by 
estimating process latencies and by analyzing resource shar
ing among processes. After bottleneck processes are found, 
it determines processing elements that should be replaced 
and derives a set of linear constraints from the throughput 
requirement. The second component accepts as its input the 
set of linear constraints and formulates a non-linear integer 
programming problem. With an objective of minimizing thε 
hardware upgrade cost, it then solves the problem for scal
ing factors that represent the ratios of performance upgrades 
for processing elements. In doing so, it uses the k-level 
diagonal search algorithm. Figure 1 gives an overview of 
the proposed approach. As shown in the figure, the output 
of our approach is a set of performance scaling factors of 
processing elements to be replaced. 

This work is an extension of our previous work in [14] 
where we made several assumptions to simplify the prob
lem. In this paper we eliminate one of them. Specifi
cally, we allow processes to share processing elements, thus 
complicating the bottleneck analysis. To accommodate the 

 

bottleneck analysis, we classify bottleneck processes into a 
critical bottleneck whose latency exceeds the required la
tεncy and a correlated bottleneck which affects the latencies 
of critical bottlenecks by sharing processing elements. More 
important contribution over [ 14] is that we formally redefine 
the optimization problem in [ 14] as an integer nonlinear pro
gramming problem and present a superior search algorithm, 
the k-level diagonal search. The old algorithm in [14] is not 
scalable with respect to the number of processing elements. 
The k-level diagonal search algorithm is not only scalable 
but also runs in a p이ynomial time. It also provides an upper 
bound on the number of iterations required to find an optimal 
solution. We analyze the complexity of the algorithm and 
present simulation results that confirm the analysis result. 

Initial System Setting 

I. Process Network 

2. Task Graphs 

3. Allocation & Scheduling 

4. Timing Characteristics 

Perlormance & Cost Spec. 

I. Timing Constr띠nts 

(Throughput) 

2. Cost Requirement 
(Hardware Cost Tables) 

R용경ngineer1ng Information 

Feasible Hardware Scaling Factors 

Figure 1: Overview of the approach 

1.1 Related Work 

Jacobson in [ 4] defines the re-engineering problem as: 

Re-engineering = Reverse Engineering + 6. 

+ Forward Engineering 

The Reverse Engineering captures an understanding of the 
behavior and the structure of the system and 6. represents 
Alteration of the System. The Forward Engineering is the 
activity of creating new functionalities. According to this 
definition, our approach addresses reverse engineering and 
alteration of the system with an emphasis on the timing 
characteristics of the system. In Figure 1, the bottleneck 
process analysis corresponds to the reverse engineering and 
the latency reduction corresponds to the alteration of the 
system. 

Existing re-engineering approaches deal with software 
anψor hardware components. In the literature, software 
re-engineering has been addressed in various directions. 
Scherlis et al. describe sevεral techniques for structural re
engineering of small-scale software [15] and Karadimitriou 
et al. present a case study on the re-engineering of a large se
rial system into a distributed parallel version [6]. Jacobson 



demonstrates a methodology to restructure software systems 
to object-oriented systems [4]. On the other hand, Stevens 
et al. in [ 16] argue that the diversity of the problem domain 
poses technical challenges to conventional re-engineering 
methodologies which are not mature yet as design method
ologies. Thus, they propose to use re-engineering patterns 
drawn from their experience [16]. 

For hardware re-engineering, most research focuses on 
cost-effective hardware upgrades. Madisetti et al. in [11] 
propose a systematic technique for rapidly upgrading elec
tronic systems. They propose to use virtual prototyping ac
companied by their tools and libraries of simulatable mod
els. Their approach is to evaluate the cost and benefit of 
re-engineering while performing hardware/software cosim
미ation. To facilitate electronic hardware re-engineering, 
Tummala and Madisetti in [18] show that the SoP (System 
on a Package) paradigm provides more architectural fiexi
bility, thus enabling the re-engineering at a lower cost than 
the SoC (System on a Chip) paradigm. The re-engineering 
approaches in [ 11, 18] are similar to ours in a sense that they 
adopt hardware upgrades as a way of re-engineering. 

This paper is organized as follows. Section 2 defines the 
application model of an embedded real-time system along 
with its timing and performance constraints. Section 3 
presents as our first step the identification of bottleneck 
processes and derivation of linear constraints. Section 4 
describes the formulation of an integer nonlinear program
ming problem and its solution approach. Section 5 shows 
the effectiveness of the heuristic algorithm with experimen
ta! results. Finally, Section 6 concludes this paper. 

2 System Model and Problem Formulation 

In this section, we present an application system model 
consisting of a process network and task graphs, along with 
timing characteristics associated with the application model. 
We then describe a digital copier as a typical example of an 
embedded real-time system and specify it with the presented 
model. Finally, we describe our problem. 

2.1 Application Model 

As in many other embedded system models, we use 
a graphical model with hierarchical abstraction [8]. Our 
framework renders an embedded real-time system in both a 
process network (PN) and. a task graph (TG). Our process 
network is a special case of Kahn networks [5], which is 
a computational model where a number of concurrent pro
cesses communicate through unidirectional FIFO channels, 
where writes to the channel are non-blocking, and reads are 
blocking [8]. Specifically, the process network is a graph 
G(P, E) such that 

• P = { u1, .. , u u} is a set of processes. A process 1s 
a mapping from one or more input streams to one or 

 

more output streams where a stream is defin.ed as one 
dimensional sequence of data items. 

• E 드 ?×Pis a set of directed edges such that따 • 띠 
denotes precedence from <Ji to <Jj. Each process starts 
after it accepts inputs from all of its immediate pre
deζessors. Once initiated, a process consumes time, 
thus causing input-to-output latency. Since processes 
are allowed to share processing elements, the input
to-output latency also includes the additional time due 
to the interference from other correlated processes. 

Figure 2 shows an example process network. A process 
m a process network can be expanded into a task graph, like 
processes u3 and u 4 in the figure. For a given task graph 
G(V,E'): 

e V = {T1, · ·, Tν } is a set of tasks in a process. 

• E' 드 v × V is a set of directed edges such that 
Ti • Tj denotes precedence from Ti to η . Edges in a 
task graph have exactly the same semantics as thosε 
in a process network. 

먹}∼∼∼마 구수기 
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Figure 2: Process network and task graph. 

The hardware aspect of an embedded system 1s spec1-
tied with a set of processing elements PE = {πI , . . , πn} 
Processing element π. is associated with a scaling factor 
Si which denotes the scaled performance of 자. If there 
are mi choices for processing element Pi, the scaling factor 
Si takes m; discrete values S;,1, Si,2, ... , S;,j,, .. , S;,rn‘ 
where S;,1 < Si,2 < . . . < S;,j, . . < S;,rn‘ and 
S;,rn, = 1.0. The unit scaling factor Si = 1.0 denotes the 
current processing element and S; < 1.0 denotes a faster 
one. For each S;,j,, a cost ci(S;,jJ of 1ri is associated and 
Ci is a decreasing function of Si,j, . Thus, when a certain 
scaling factor S;,j, is chosen for processing element π., the 
total hardware cost of the system is the sum of ci(S;,jJ: 

επ. EPE C;(S;,jJ· 
Task allocation TI is a mapping of tasks onto set PE such 

that TI : V •• PE. For task η, e; denotes the worst case 
execution time (WCET) measured on its allocated process
ing element TI(η). The WCET of a task can be measured 
using techniques found in the literature [l, 9] 



Just as a task possesses worst case execution time, a 
process has a maximum input-to-output latency which is 
determined by the worst case execution times of tasks which 
belong to the process. Also, it has a period constraint which 
is common among all processes in the system, since all the 
processes should operate at the same rate. On the other 
hand, tasks in a process may have different rate constraints 

2.2 A Digital Copier Example 

To show the exprεssive power of our application model, 
we specify a digital copier in the PN format. A digital 
copier is a typical example of an embedded real-time sys
tem since it possesses various electro-mechanical compo
nents and hard real-time constraints. Its m에or components 
include a scanner, a laser-beam printer, an organic photo
conductive (OPC) drum, paper feeders, and transfer belts 
The entire copying process can bε broken down into six 
subprocesses, as below. 

• Feed-in: A blank sheet is fed in from a tray via several 
transfer belts. 

• Exposing: A lamp exposes the original. A reflected 
image is converted into a digital image, which is then 
stored in memory. 

• Imaging: The stored image is retrieved and the OPC 
drum is charged. 

• Developing: Toner particles are attached to the latent 
image on the drum and transferred to the copy paper. 

• Feed-out: The copy is driven out from the copier. 

Although the OPC drum is shared by two processes, 1.e., 
imaging and dεvεloping, they can be parallelized in the pro
cess network architecture. Note that the rotational move
ment of OPC drum allows them to run simultaneously on 
different parts of its cylindrical surfacε. Figure 3 shows the 
PN of all copy processes and Table 1 shows their timing 
characteristics. 

Figure 3: Digital copier example 

The throughput of the digital copier is defined as the num
ber of copies per second and is determined by the common 
period of processing elements. From Table 1, we see that the 
imaging process is a bottleneck in the copying process since 
it takes the longest time, 2s: it involves compute-intensive 
digital image processing. In this example, the period is 
thus 2s and throughput is 30 cpm. If we want to improve 
the throughput up to 40 cpm, we must reduce the latency 
of the imaging process down to l.5s. Section 3 discusses 

process j latency j period \ 
Feed in (σi) 0.3 2.0 

Exposing ( 0'2) 0.5 2.0 
Imaging ( 0'3) 2.0 2.0 

Developing (σ4) 1.5 2.0 
Feed-out (175) 0.3 2.0 

Table 1: Timing characteristics of the digital copier (time m 
s). 

identification of bottleneck processes in depth and Section 4 
presents latency reduction of the bottleneck processes. 

2.3 Problem Description 

The 。이ective of our approach is to identify bottleneck 
processes in the system and to eliminate such bottlenecks 
in a cost-effective manner while avoiding time-consuming 
hand-tuning and software redesign. To leave software in
tact, our approach attempts to replace bottleneck processing 
elements. 

Inputs to this approach are: 

(1) A PN and task graphs representing the underlymg 
system. 

(2) Task allocation and schedulmg. 

(3) A desired throughput (period) requirement. 

(4) Cost tables of processing elements at various perfor
mance profiles. 

Our approach works in two subsequent steps. 

Step 1 It determines bottleneck processes in a PN and 
derives a set of linear constraints with the new 
period constraint. 

Step 2 It formulates a non-linear optimization prob
lem with linear constraints of step 1 and then 
solves the problem using a heuristic algorithm to 
determine processing elements for replacement. 

The first step involves deriving a system of constraints ac
cording to precedence constraints imposed by the task graph 
structure and task scheduling. The second step involves 
solving these linear constraints. The objective function is 
to minimize the total hardware cost of the resultant system 
given by επiEPE ci(Si,j.). In what follows, we give a 
detailed description of the re-engineering approach. 

3 Bottleneck Process Identification and Anal

ys1s 

We present the identification of bottleneck processes and 
derivation of linear constraints. Bottleneck processes are 
classified into a critical bottleneck whose latency exceeds 



the newly required latency and a correlated bottleneck whose 
latency does not exceed the required latency but affects the 
latencies of critical bottlenecks. To determine bottleneck 
processes, we describe the estimation of process latency 
and resource sharing among processes. We then derive a 
set of linear constraints which must be solved to reduce the 
latencies of bottleneck processes. 

3.1 Identifying Bottleneck Processes 

For a given embedded system, let [, be the period (la
tency) constraint which is determined by its new throughput 
constraint. Then process !Ji is defined to be a critical bot
tleneck if its input-to-output latency £; is greater than the 
period (or latency) constraint £. If we denote the set of 
critical bottleneck processes by Pfrit• it is defined by 

Pfrit = { O"i l.C; > .C , O"; E P} 

Thus, to find out critical bottlenecks in the system, it rs 
necessary to accurately estimate the worst case latencies 
of processes in an embedded system. As proved in [19], 
this is a difficult task if we allow general run-time system 
models; for example, it is an NP-hard problem to estimate 
the latency of a system possessing a set of periodic tasks 
which are scheduled by a preemptive priority scheduler. 
Thus, we make the following simplifying assumptions in 
our approach. 

(1) Both task allocation and scheduling are off-line and 
static; once specifiεd in a design, they are not changed 
at run time. 

(2) Task scheduling is non-preemptive. 

(3) All tasks in a process have the same period. When 
some tasks have different periods, they are unrolled 
for the LCM (least common multiple) of their periods 
and the task graph is rebuilt to incorporate the tasks 
newly generated through unrolling. 

The above assumptions do not seriously restrict the utility of 
our approach since both the architecture and behavior of the 
embedded systεm are fixed during a re-engineering cycle 
anyway. Fixed task allocation and non-preemptive schedul
ing render tasks on a processing element totally ordered. 
This enables us to easily compute an input-to-output latency 
of a process by summing the worst case execution times 
of tasks in the sequence considering precedence constraints 
given in the task graph. 

To reduce the latencies of critical bottleneck processes 
we also need to consider correlated bottleneck processes 
The correlated bottleneck is defined as a process that either 
directly or indirectly affects the latencies of critical bottle
necks by sharing processing elements. A directly correlated 
process can affect a critical bottleneck by sharing onε or 
more processing elements with a critical one. On the other 
hand, though a process shares no procεssing elεment with 

the critical bottleneck, it can also affect the bottleneck if it 
shares processing elements with another correlated bottle
neck. 

Let ?ι pι , p.C .. be sets of correlated (corr,!) ’ (corr,2) (corr,3) ’ 
bottleneck processes defined by 

Ptorr,l) = {σ1 IPEσi nPEσ1 #- 0, O"; E (P-Pf,.;t), O"j E Pf,.;t} 

•-1 

Ptorr,i) = {σ;IPEσ‘ nPE,,; #- 0, σ1 E(P-험it-U Ptorr,j))' 
J=l 

σJ E 1깐orr,i 1)} 
where P Eu; denotes a set of processing element~ that run 

the tasks of CJ i. The set of bottleneck processes PL, is given 
as below. 

pι = Pf,.it U cu Ptorr,i)) 
•=l 

Walk-through Example: As a walk-through example, we 
consider the digital copier described in Section 2.2. Suppose 
that new latency requirement[, is 15 time units. From Ta
ble 1, we see that the imaging process is a critical bottleneck 
for the new design, since it has the maximum latency of 20 
time units, which exceeds the required latency. 

Table 2 shows the resource allocation of the digital copier. 
Since the developing process σ4 shares processing element 
πl with the imaging process a3, the developing process a 4 

is a directly correlated bottleneck of the imaging process 
σ3. We see from Table 2 that no other processes share the 
processing elements with the developing process cr4. Thus, 
bottleneck processes found in our digital copier example are 
the imaging process σ3 and developing process σ4· 
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Table 2: Resource allocation of digital copier. 

3.2 Deriving Linear Constraints 

Once the bottleneck processes are identified, we derive a 
system of constraints using precedence constraints imposed 
by the task graphs and task scheduling. To facilitate the con
straint derivation process, we augment our task graph model 
by adding precedence edges imposed by task scheduling. 
Specifically, we add an extra edge Tj • T; if no such edge 
exists in the original task graph and if Ti is scheduled next 
to η on thζ same processing element. 

Lets(π) and f(η) denote the start and finish time of 
T;, respectively. For each critical bottleneck process, a con
straint imposed on its tail task η is derived, as below. 

f (π) -::::_ .c 송=수 max {!(η)} + e;S(IT(π)) -::::_ f, (l) 
r;EP1‘ ed( r;) 

 



By recursively computing finish times of tasks ma reverse 
topological order, we have the following inequalities. 

π
μ
π
υ
κ
υ
κ
υ
π
υ
N
μ
π
υ
κ
υ
 

<-<-<-<-<-<-<-<-<-
(e1 + e9)S1 + (e4 + ez + e6 + e1)S2 

(e1 +es+ e11 + e3 + e9)S1 + e1 S2 

(e1 +es+ e11 + e3 + e14 +es+ e9)S1 

(e1 +es+ e9)S1 + e4 · S2 

(e1 +es+ e11 + e14 +es+ e9)S1 +en 53 

(e11 + e3 + e9)S1 + e1 · S2 + e10 · 53 

(e11 + e3 + e14 +es+ e9)S1 + e10 · 53 

(e11 + e14 +es+ e9)S1 + (e10 十 e비53 

(e14 +es+ e9)S1 + (e10 + e12 + e바53 

where Pred(π) is a set of η’s immediate predecessors m 
the augmented task graph. Eq. (1) means that η can start 
after all of its predecessors finish and that finish time Ti 

is determined by the scaling factor of processing element 
P(π). If S(IT(η)) < 1.0, η will finish earlier than it does 
on the currently hardware platform 

By recursively substituting f (η) with s(η) + 
ejS(IT(η)) for all Tj E Pred(η) in Eq. (1) in a revεrse 
topological ordεr, we can eliminate start and finish time 
functions from Eq. (1). Since ei is constant, we end up with 
a system of linear constraints possessing only S(IT( T)) as 
variables. 

15 

By substituting eis in the abovε constraints with values m 
Figure 4 (A) and by eliminating redundant inequalities, we 
have eight inequalities as below. 

351 + 1552 :S 15, 1551 + 452 :S 15, 2051 :S 15, 

1751+253 :S 15, 851+452 + 553 :S 15, 1351 + 553 :S 15, 
951 + 753 :S 15, 551 + 1353 :S 15 

Latency Reduction of Bottleneck Processes 

For a set of derived linear constraints, we find feas1-
ble scaling factors that reduce the latencies of bottleneck 
processes in a cost-effective way. This optimization prob
lem makes a nonlinear integer programming problem and 
is solved by a heuristic search algorithm we propose in this 
section. The result is a set of scaling factors which are used 
for the upgrade of processing elements 

4 

T5 써]
l
 떤
 。

J 
20 

Formulating Nonlinear Optimization Prob
lem 

After linear constraints are derived, we find a feasible 
solution r - an n-dimensional column vector of scaling 
factors [S1, S2, .. , Sηf - that satisfies the linear con
straints while minimizing the total hardware cost given by 
C(S1,S2, ... ,Sn)= εPiEPE ci(Si)· Since every scaling 
factor Si takes discrete values, each value can be repre
sented by relabeling Si with ji in an increasing order. Let A 
be an η-dimensional column vector [j1, ji, ... , in]T which 
is associated with (S1,j1, Sz꾀 . , Sn,jn]T by r = S(A). 
Suppose that we have n scaling factors and m linear con
straints which are derived from Eq. (1). The problem now 
can be transformed into the following integer nonlinear pro
gramming form· 

4.1 

Figure 4: (A) Schedulε lists and (B) augmented task graph. 

As an illustration, we derive a constraint for T9 which 1s 
the tail task of the critical bottleneck a3, as below. 

Walk-through Example: Recall the digital copier exam
ple. Figure 4 (A) shows the task schedules on three pro
cessing elements, P1, P2, and P3. Figure 4 (B) shows the 
augmentεd task graph of the imaging process σ3 and that 
of the developing process u4, where dashed arrows denote 
added precedence constraints captured from the task schεd
ules. In Figure 4 (B), the shadεd area shows the task set 
allocated to P1 which is shared by the both processes. Since 
the task graphs are hosted by three processing elements P,, 
P2 and P3 as in Figure 4 (A), we have three scaling factors 
Si, S2 and S3, respectively. 

mm1m1ze C(S(A)) 

subject to (linear constraint) AS(A) ::;: B, and 

subject to (range constraint) L ::;: A ::;: U, 

max{!(π), f (π), f (rs)} + e951 :S 15 

Note that S1 = S(IT( T9)). Since there exists an augmented 
edge from 76 to 77 and this implies f ( 76) < f ( 77), the above 
constraint reduces to max{! (꺼), f(7s)} + e9S1 :'.S: 15. We 
split this constraint to eliminate max { ·}, as below. 

where C(S(A)) decreases with respect to every 따, A 1s an 
m × n matrix whose entries are the coefficients of scaling 

 

f ( 77) + e951 :S 15 and f (rs) + e951 :S 15 



factors in the derived linear constraints, B is an n × 1 matrix 
whose entries are the same as the required latency£, Lis an 
n-dimensional column vector whose entries are the lower 
bounds of 파, and U is an n-dimensional column vector 
whose entries are the upper bounds of Ji· Thus, AS(A) ::=:; B 
is a matrix expression for the set of linear constraints and 
L ::=:; A ::=:; U is a matrix expression for the range constraint 
of Ji 

The problem formulated above can be relaxed by drop
ping the integrality restriction and the resulting problem 
can be solved by using nonlinear programming techniques 
such as Primal methods, Penalty and barrier methods, and 
Lagrange methods [ 1이. However, this approach requires 
rounding-off to find the nearest integer solutions, yielding 
suboptimal solutions. Another naive approach is to compute 
the cost of every feasible solution and select the one with 
the minimum cost. This requires εxamining all possible 
combinations of scaling factors. If each scaling factor Si 
can take mi values, the search space is enormous possess
ingm1 × m2 × . , . × mn elements. To expedite the search 
process, we present a heuristic algorithm in the next section. 

Walk-through Example: Revert to the digital copier ex
ample in section 3.2. The linear constraints derived in the 
previous section gives the linear constraint matrices A and 
B. 

3 15 0 15 
15 4 0 15 
20 0 0 15 

A= I 17 0 2 
and B = 

15 
8 4 5 15 
13 0 5 15 
9 0 7 15 
5 0 13 15 

Thε cost function C ( ·) is determined by the cost tables 
given in Table 3. For exarrple, A = [2, 2, 3],. maps to 
C(S(A)) = C([0.5, 0.7, 0.6]1') = 50 + 70 + 150 = 270. 
The cost tables also give the range constraint matrices L and 
u. 
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4.2 Search Heuristics 

We present two heuristics to find feasible solutions to the 
optimization problem while effectively reducing the search 
time. The first heuristic exploits the monotonicity of cost 
function, i.e., the cost decreases as the scaling factor in
creases. This leads to a geometric property that the local 
optimum is found at the end of diagonal line traversing an 
n-dimensional hypercube space. As seen from Figure 5, 
the search starts from the origin and incrementally exam
ines each point along the diagonal until any of the linear 
constraints are violated. This diagonal search can greatly 
reduce the search time since it explores a one-dimensional 

Sii Si i Si 2 Si 3 ~l건O scaling factor 0.3 0.5 0.8 
cost 100 50 20 0 

Cost table of P1 

scali~~ ~actor S2 i S2,2 S2,3 S2,4 
0.5 0.7 0.9 1.0 

cost 150 70 30 0 
Cost table of P2 

S3,i1 I S3,1 I S3,2 I S3,3 I S3,4 I S3 ‘5 I S3,6 

scaling factor I 0.3 I 0.5 I 0.6 I 0.7 I 0.9 I 1.0 
cost I 300 I 200 I 150 I 100 I 50 I o 

Cost table of 터 

Table 3: Cost tables for P1, P2, and P3 

line without visiting all possible points in then-dimensional 
space 

(A) (B) 

Figure 5: Diagonal search (A) in 2-dimensions and (B) m 
3-dimensions. 

The diagonal search can, however, examine only a hyper
cubic space while thε problem space is arbitrary but convex 1. 
To cover the entire space, the remaining space is split into 
di헤oint subspaces and the diagonal sεarch is iterati、 yap
plied to each subspace. Our second heuristic uses the tangent 
planes of the hypercube to partition the remaining space, i.e., 
the outer space of the hypεrcubε is dividεd by its tangent 
planes. As seen from Figure 6, the remaining space is cut 
in turn by each tangent plane parallel to Si = 0, yielding η 
subspaces. Since each cutting plane is parallel to S; = 0, 
generated subproblems are of the identical form with the 
original problem. 

S3 
(A) (B) 

Figure 6: Partition by tangent planes: (A) in 2-d1mens10ns, 
and (B) in 3-dimensions. 

1 Positive coefficients in the linear constraints lead to a convex polytope 

 



4.3 K -level Diagonal Search Algorithm 

Our divide-and-conquer strategy generates a tree of sub
problems and thus has several choices for the tree traversal 
p이icy. Let Hp,q be the qth hypεrcube spacε examined at 
pth level, Gp,q be the qth subproblem space generated at 
pth level, and Lp,q ::; Ap,q ::; Up,q be the range constraint 
for Gp,q· Note that every subproblem is subject to the same 
linear constraint with the original problem and is different 
only in the range constraint. Following this notation, the 
original problem space is represented by G1,1. Figure 7 
shows a problem tree in 2-dimensions. 

Level 1 

웹 확랬혔 Level 2 

Level 3 

Level 4 

Figure 7: Problem tree in 2-d1mens1ons. 

Since the problem tree can grow arbitrarily, we want to 
avoid exploring indefinitely deep paths. This gives rise to 
thε breadth-first search policy. Based on the breadth-first 
search, the algorithm finds a suboptimal solution exploring 
subproblems in levels and improves the solution going into 
deeper level. Limiting the search level allows us to control 
the search time while compromising the optimality. We call 
thε search algorithm k-level diagonal search which limits the 
search level below k. Now we formally describe our basic 
heuristics as subprocedures which are called by the k-level 
diagonal search algorithm. The first procedure describes the 
diagonal search heuristic and the second procedure describes 
the partition heuristic 

(Pl) Find a maximum integer 6p,q such that AS(Lp,q + 
8p,qE) :S B and Lp,q 十 8p,qE S Up,q, where E 
denotes the sum of unit column vectors Ei, i.e., E = 
E, + E2 + ... +En= (1, 1, ... , l]T 

(P2) Find n disjoint subproblems (1 S j S n). 

(j) Lp+l,n(q-l)+j :S Ap+l,n(q l)+j :S Up+l,n(q-l)+j 

Lp+l,n(q-l)+i = Lp,q 十 (8p,q + l)Ej and 

Up+1,n(q-1J+j = Up,q - ε(따q - 다q)E;E; 
i=l 

+δp,q ε E; 
i=l 

The procedure Pl executes the diagonal search by find
mg the maximum increment of the scaling factor index. 
The index vector A is increased uniformly in the direction 

 

E = [ 1, 1, .. , 1 ]T and it is checked for the linear constraint 
AS(A) S B. The procedure P2 provides the partition rule 
required for subproblem generation. Each subspace is rep
resented by range constraint vectors Land U. 

There are two conditions for stopping subtree generation 
at a problem node. The first condition is Jp,q 'l. 0. This 
implies that there exist no feasible solutions in Gp,q and the 
algorithm does not generate any subproblems of Gp,q· The 
second condition is Lp,q 효 Up,q, which indicates that Gp,q 
is empty. The algorithm does not generate subproblems 
in this case, either. As a result, the entire search process 
terminates when the search level reaches k or when any 
further subproblems are not generated. 

Walk-through Example: We revert to our walk-through 
example. Table 3 gives cost tables for P1, Pz, and P3. Let p 
be the level of search, then the proposed algorithm iteratively 
processes each subproblem, as follows. 

< p = 1 > G1,1 : L1,1 = [l, 1, lf and U1,1 = [4, 4, 6f ’ 
61,1 = 1 and C(A) = 380 

< p = 2 > G2,1 : L2,1 = [3, 1, l]T and U2,1 = [4, 4, 6]T, 

<p=7> 

62,1 l 0 • no feasible solution 

G2,2 : L2,2 = [1, 3, 1 ]T and U2,2 = [2, 4, 이T' 

62,2 = 0 때d C(A) = 430 

G1,324: L1,324 = [1, 1, lf and U1,324 = [4,4, 이T , 
61,324 = 1 and C(A) = 130 

G1,4s6 : L1,4s6 = [1, 1, lf and 다,486 = [4,4,6f, 

61,486 = 1 and C(A) = 130 

Note that G2 1 has no feasible solutions and thus does not 
spawn any subproblems - G3,1, G3,z, and G3,3 are not gen
erated. The optimal solutions are found in G1,324 and G1,486 
at level 7. 

4.4 Analysis of K -level Diagonal Search Algo
rithm 

The running time of the k-level diagonal search algo
rithm mainly depends on the number of checks for the linear 
constraints AS(A) S B (multiplication and comparison of 
matrices). From this viewpoint, the approximate running 

time can be represented by ε~=I ε;:1 ( Jp,q + 1) where 
( 8p,q + 1) is the number of checks for linear constraints. 
The worst case occurs when every diagonal search fails to 
explore a hypercube space and examines only one point, i.e., 
8p,q = 0. This case generates the largest problem tree and 
the algorithm exhaustively examines candidates one by one. 
By substituting Jp,q = 0, the running time for the worst case 



IS 

εε(clp,q + 1) εεl=εηP 
p=l q=l p=I 

.、 k+l ~ -- --- -
김τT二 = O(nκ) (2) 

where k > 1. 
In the analysis above, the search level k is bounded from 

above if the problem space is finite. To compute the upper 
bound of k, we define a metric M which can capture the 
size of the problem space. Let Mp,q be a metric - distance 
or diameter - for the problem space Gp,q' which is defined 
as below. 

Mp,q = llUp,q - Lp,qll = (U;,q - L짜)E (3) 

The k-level diagonal search always decreases the metnc 
value by at least one as the iteration proceeds. The algorithm 
eventually terminates when the metric M becomes zero, 
which implies an empty space, i.e., Lp,q = Up,q. Thus, the 
upper bound of k for the original problem G 1, 1 is ( M 1, 1 + I) 
since a problem with zero metric requires at least one level 
of search. This upper bound is referred to a guarantee level 
in that it guarantees finding the optimal solution if the search 
level is increased up to ( M1, 1 + I). 

Walk-through Example: We compute the guarantee level 
for the digital copier example. The matrices of the range 
constraintforG1,1 areL1,1 = [l,l,l]andU1,1 = [4,4,6] 
By using Eq. (3), its metric is M1,1 = (4 - I)+ (4 - 1) + 
( 6 - 1) = 11 and thus the guarantee levεl is 11 + 1 = 12. 
This value guarantees that the search level does not exceed 
12 for searching the entire space. 

5 Performance Evaluation 
We evaluate the effectiveness of the proposed search al

gorithm by a series of simulations with randomly generated 
workload. For performance comparison, we have imple
mented the k-level diagonal search (KD) and a brute-force 
search (BF). The latter exhaustively examines all candidate 
solutions. Test problem sets were synthesized based on a 
random number generator for distinct dimension variables 
(the number of PEs) ranging from 3 to 9. It is necessary to 
limit the number of PEs below 10 since the BF algorithm 
needs to perform exhaustive search. The entries of linear 
constraint matrices (A and B) were chosen in the range 
[l, 100000이. Cost tables were obtained by sorting random 
numbers in [l, 10이 to meet the monotonicity condition. 

To assess average case performance, two performance 
metrics were used: (1) the number of checks for linear 
constraints and (2) the maximum search level for finding 
optimal solutions. The former was chosen as a measure to 
represent the running time of the algorithm. We counted thε 
number of checks while running the two algorithms. We 

 

draw the result in Figure 8 (A), which shows that the KD 
algorithm greatly outperforms the BF algorithm. While the 
running time of the BF algorithm exponentially increases 
as the workload gets heavier, that of the KD algorithm in
creases much slowly and even decreases when the number of 
PEs exceeds eight. This anomaly can occur because the per
formance of the KD algorithm depends more on the shape of 
the feasible solution space than on the size of the problem. 
Due to the diagonal search strategy, the KD algorithm finds 
the optimal solution faster if the shape of the feasible space 
is closer to a hypercube. 

The second performance metric is the maximum search 
level required for a complete search. Figure 8 (B) shows 
the comparison between the maximum search levels and 
guarantee levels. Guarantee levels were computed by using 
Eq. (3). On the average, the actual search level was around 
the half of the guarantee level. This confirms our analysis 
result that the search level cannot exceed the guarantee level. 
It is consistent with the result of the first experiment that the 
search level does not necessarily increase as the number of 
PEs increases whereas the guarantee level does. Particularly, 
the KD algorithm results in the minimal search level when 
the number of PEs was nine. These results also support our 
assertion that the performance of the KD algorithm depends 
dominantly on the shape of the feasible space. 

6 Conclusions 
The contributions in this paper are mainly three-fold. 

First, we have formulated an embedded real-time system 
re-engineering as performance optimization of the system. 
While we have focused on re-engineering of hardware com
ponents in this paper, our formulation can be easily gen
eralizεd to incorporate software re-engineering when ap
propriate cost tables are given. Second, we have proposed a 
systematic solution approach to the re-engineering problem. 
Unlike other approaches based on critical path optimization, 
our approach does not lead to excessive optimization since 
it is based on the trade-off analysis between cost and perfor
mance. It appears that this approach can be employed even at 
the earlier stage of system design. Third, we have presented 
a heuristic search algorithm which runs in a polynomial time 
with respect to the number of processing elements. We have 
also derived the guarantee level as the limit of search levels 
required to find an optimal solution. 

There are several future research directions. First, we 
mtend to eliminate the assumption imposed on task schedul
ing. In Section 3, we assumed that the task scheduling is 
static and non-preemptive. In fact, dynamic and preemptive 
scheduling incurs several complications. If we allow dy
namic and preemptive scheduling, it will become extremely 
difficult to tightly estimate latencies of processes since tasks 
can arbitrarily interleave. Second, another interesting is
sue is the introduction of different timing requirements on a 
process network such as the input-to-output response time. 
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